We produce the first concrete evidence that violation of the weak cosmic censorship conjecture can occur in asymptotically flat spaces of five dimensions by numerically evolving perturbed black rings. For certain thin rings, we identify a new, elastic-type instability dominating the evolution, causing the system to settle to a spherical black hole. However, for sufficiently thin rings the Gregory-Laflamme mode is dominant, and the instability unfolds similarly to that of black strings, where the horizon develops a structure of bulges connected by necks which become ever thinner over time.
Introduction.-Black holes are amongst the most important solutions of the Einstein equations. Despite their simplicity, they capture some of the most fundamental aspects of the theory. The black holes of general relativity also play a key role in astrophysics, in particular as a description of the compact dark objects at the center of galaxies. This relies on the assumption that they are nonlinearly stable to small perturbations. Although the full nonlinear stability of the Kerr solution [1] has not been rigorously proven, there is good evidence that it is indeed stable [2] [3] [4] [5] .
The situation is markedly different in higher dimensions, where black holes can be dynamically unstable to gravitational perturbations. This was first shown by Gregory and Laflamme [6] in the case of black strings and black p-branes. Their result was later generalized to boosted black strings [7] . In a remarkable paper [8] , Lehner and Pretorius used numerical relativity techniques to study the nonlinear evolution of the Gregory-Laflamme (GL) instability of the five-dimensional black string. They found that the instability unfolds in a selfsimilar process which gives rise to a sequence of black hole "bulges" connected by black strings which become ever thinner over time. Furthermore, they provided convincing evidence that this process would lead to these thin strings completely pinching off within finite time. This result was interpreted as evidence for a violation of the weak cosmic censorship conjecture (WCC) [9, 10] in spacetimes with compact extra dimensions.
Another novel aspect of higher dimensional black hole physics is that horizons can have nonspherical topologies, even in asymptotically flat spaces. The five-dimensional black ring of Emparan and Reall [11, 12] is the first example. This is a stationary solution of the vacuum Einstein equations with horizon topology S 1 × S 2 . The S 1 of the ring is a contractible circle that is stabilized by the centrifugal force provided by the rotation. In terms of the standard dimensionless "thickness" parameter ν [12] , black rings can be classified as either "thin" (0 < ν < 0.5) or "fat" (0.5 < ν < 1). This thickness parameter describes the relative sizes between the S 1 and the S 2 of the ring. Fat rings are known to be unstable under radial perturbations [13, 14] . Very recently, thin rings have been shown to be linearly subject to a GL-like instability [15, 16] . Given the similarities between very thin black rings and boosted black strings, it is plausible that the nonlinear evolution of the GL instability on thin rings would proceed in a similar manner to that on black strings, thus leading to a violation of WCC in asymptotically flat spaces. This possibility has been contemplated in the past [13, 15, 16] . Arguably, the resolution of WCC is one of the greatest open problems in classical general relativity, as it directly affects the predictability of the theory.
In this Letter, we report on the end state of black ring instabilities through fully nonlinear, numerical evolution. For very fat rings, the dominant instability is the axisymmetric ("radial") mode found in Ref. [14] . Rings with 0.2 ν 0.6 are unstable under a new type of nonaxisymmetric instability which deforms the shape of the ring without substantially changing its thickness. In analogy with blackfolds [17] , we call it an elastic mode. In these two regimes, the end point of the instability is the topologically spherical Myers-Perry (MP) black hole. On the other hand, for very thin rings (ν 0.15) the GL instability dominates. Our main focus here will be on thin rings, where our results suggest that the WCC does not hold in the neighborhood of sufficiently thin rings. A more detailed discussion of our results for fatter rings, and a comparison of different angular perturbation modes, will be presented elsewhere [18] .
Numerical approach.-We use the CCZ4 formulation of the five-dimensional Einstein vacuum equations [19, 20] in Cartesian coordinates (x, y, z, w), with the redefinition of the damping parameter κ 1 → κ 1 /α, where α is the lapse [21] . We choose κ 1 = 0.1 and κ 2 = 0. We have experimented with other values, but the results do not change. We evolve perturbations of singlyspinning black rings which only break the U(1) symmetry in the x-y rotational plane. The remaining U(1) symmetry in the orthogonal z-w plane is exploited to dimensionally reduce the CCZ4 equations to (3 + 1)-dimensions using the modified cartoon method [22, 23] . We do not expect that breaking this orthogonal U(1) symmetry will be relevant in the context of this work.
As initial data, we start with the stationary ring of Ref. [11] in the isotropic coordinates introduced in Ref. [14] . This allows us to transform this solution into Cartesian coordinates. We introduce a small amount of m = 2 (in the nomenclature of Ref. [15] ) nonaxisymmetric perturbation in the conformal factor χ via
where χ 0 is the unperturbed conformal factor of the stationary black ring, A is the perturbation amplitude, and
Here 0 < ν < 1 and R > 0 are the ring's thickness and radius parameters, respectively. In our simulations, we fixR = 1 and vary ν. This ensures that the initial coordinate radius of the black ring is roughly 1 for all values of ν, but the mass and hence the instability time scale will vary. Our initial condition violates the Hamiltonian and momentum constraint equations. However, by using small values of A, we can ensure that constraint violations in the initial data are correspondingly small. These small constraint violations are quickly suppressed by the damping terms in the CCZ4 equations. In our simulations, we choose 10 −6 ≤ A ≤ 0.002. The radial dependence of the perturbation (1) is chosen to ensure that it is localized on the horizon and therefore does not change the mass nor the angular momentum of the background spacetime.
In our coordinates, Σ = 0 is a coordinate singularity that corresponds to another asymptotically flat region at the other side of the Einstein-Rosen bridge. We regulate this singularity using the "turduckening" approach [24, 25] by manually restricting to Σ ≥ ε 2 , for some small ε. We choose ε such that the width of the region in which Σ is modified is at most 50% of the unperturbed ring's horizon.
To evolve the lapse, we use the CCZ4 (1 + log) slicing [19] with an advection term, starting from the initial condition α = χ. However, we could not use the standard Gamma-Driver shift condition [26] as it quickly freezes the large initial values ofΓ i , even with advection terms. Instead, we evolve the shift using
whereΓ i is the evolved conformal connection function and
Y is as defined in Eq. (2), δ 1 and δ 2 are dimensionless parameters, and M is the mass of the unperturbed ring. For our simulations we use F = 2/3, η = 1, δ 1 = 0.25, and δ 2 = 0.1. The initial shift is taken to be χ times the analytic shift. We evolve the CCZ4 equations numerically on an adaptively refined mesh using the GRCHOMBO code [27, 28] . We discretize the equations in space using fourth order finite differences and integrate in time with RK4. We use between 8 to 13 levels of refinement depending on the thickness of the ring. The finest resolution is chosen such that the interior of the horizon is never covered by less than 50 grid points after gauge adjustment. At the outer boundaries we impose periodic boundary conditions. However, the spatial extent of the domain is made sufficiently large so as to avoid spurious boundary effects throughout the course of the simulation.
To stop the formation of large gradients inγ i j close to the ring singularity, we add a new diffusion term to the CCZ4 equations, which is restricted to act only inside a region amounting to less than 50% of the horizon's interior. This is reminiscent of shock-capturing techniques in computational fluid dynamics [29] . The additional term does not change the evolution outside the horizon since we have enough grid points across the horizon and the diffusion term only affects features at very small scales. See the Supplemental Material [30] for more details.
Results.-For rings with 0.3 ν 0.6, we find that the evolution is dominated by a new nonaxisymmetric mode which is distinct from the GL mode identified in Ref. [15] . Note that this range includes both thin and fat rings. In the nonlinear regime, this new mode deforms the ring without substantially changing its thickness. We identify it as an elastic mode. In Fig. 2 (a) we display a snapshot of the apparent horizon for a ring with ν = 0.4 in the highly nonlinear regime of the evolution. The deformation caused by the elastic mode can also be seen in Fig. 2 (top left). The divergence between the maximum and minimum S 1 radii shows that the ring is physically stretching. To measure the influence of the GL mode, we look at the degree of nonuniformity along the ring by plotting the maximum and minimum radius of the S 2 of the ring as measured by cross-sectional area. The result is shown in Fig. 2 (top right). For rings in this range of ν, the minimum S 2 radius never decreases substantially, and the growth rate of the elastic mode is larger than the GL mode. The latter is therefore completely irrelevant as far as the nonlinear dynamics is concerned. In fact, the growth rate of the GL mode decreases as the rings become fatter, and for 0.4 ν 0.6 the complete gravitational waveforms show that only the elastic mode is relevant. This new instability always ends in a collapse into a topologically spherical MP black hole. For thin rings with 0.2 ν 0.35, we observe a competition between different modes. The waveform in Fig. 1 (top) shows that, in the linear regime, there is an apparent mode mixing until nonlinearities become important. To gain a better understanding of the various modes in the m = 2 sector of nonaxisymmetric gravitational perturbations, we extract the waveforms by monitoring
along the z axis. From this, we can identify the frequencies and growth rates of the two modes by fitting the data to
We give further details about our fitting procedure and error estimation in the Supplemental Material [30] . In Fig. 1 (middle) we compare the data with the fit (6) to show that they are in very good agreement. This confirms that the linear dynamics is governed by the two modes that we have identified. In Fig. 1 (bottom) we display the frequencies and growth rates of both the elastic and GL m = 2 modes. Our results for the GL mode agree very well with Ref. [15] ; however, we were only able to identify the GL mode for thin enough rings (ν 0.4). For thicker rings, the growth rate of the GL mode is much slower than that of the elastic mode, and hence it is much harder to isolate in a fully nonlinear evolution. The fitting procedure also allows us to estimate the amplitude of each mode in our initial data (1). Both m = 2 modes have comparable amplitudes initially, and therefore, our simulation is not biased towards the newly identified elastic mode. Since both modes have similar growth rates for 0.2 ν 0.35, it is not surprising that the nonlinear dynamics is governed by a combination of the two. Figure 2 (top left) shows a significant divergence in S 1 radii for a ν = 0.2 ring on a much larger scale than the ring's thickness. This is indicative of the . The shaded part corresponds to the portion of the evolution where the outermost apparent horizon has spherical topology. Middle: fit (6) of the actual data in the linear regime (red dots) for a perturbation with amplitude A = 10 −5 . At the early stages of the evolution there is contamination from constraint violating modes. Bottom: Real (left) and imaginary (right) parts of the frequency, ϖ ≡ ω/(2π T ), of the gravitational waves in the linear regime. Here, T is the temperature of the unperturbed ring. The dashed lines correspond to the results of Ref. [15] . For ν = 0.4 we could not reliably extract the growth rate of the GL mode. elastic mode dynamics. On the other hand, in Fig. 2 (top right) we observe that GL dynamics causes this ring to also become highly nonuniform. The combined effect of these two modes on the apparent horizon is shown in Fig. 22(b) . Even though the GL mode does grow significantly here, the end point is still a MP black hole. Presumably, the deformations due to the elastic mode enhance the efficiency of the gravitational wave emission, allowing the ring to quickly shed angular momentum and mass and collapse into a spherical black hole. Therefore, no violation of WCC is observed in this particular case.
For rings with ν 0.15, the GL mode grows fastest and thus dominates the dynamics. In this regime, we consider the nonlinear evolution of a ν = 0.15 ring with an m = 2 perturbation with amplitude A = 5 × 10 −5 . It turns out that for such thin rings, the m = 4 mode grows fast enough that excitations from numerical noise also become important. Therefore, we find that the generic nonlinear dynamics is governed by a combination of these two modes. In the highly nonlinear regime the apparent horizon consists of big bulges connected by long and thin necks. One would expect that the thin necks should themselves eventually become GL unstable, giving rise to a second generation of bulges connected by even thinner necks. For such highly deformed dynami- cal 30] ). However, in our gauge the apparent horizon follows certain contours of the conformal factor, χ. We use these as an indication of the location and shape of the apparent horizon in lieu of the actual surface. In Fig. 22(c) we display the χ = 0.2 contour for the ν = 0.15 ring for an m = 2 perturbation with A = 5 × 10 −5 at t/ √ M = 33.87. This shows clear evidence that a new generation of bulges has formed along the thin necks. We could not continue the evolution due to the limitation in our computational resources, but our results provide enough evidence that this instability should continue in a qualitatively similar manner as in the static black string. More precisely, the horizon should develop a fractal structure consisting of big bulges connected by thin necks at different scales. The thinnest necks should reach zero size, and hence a naked singularity should form, in finite asymptotic time. Since there is no fine-tuning involved, this result provides evidence that WCC is violated near thin enough black ring spacetimes. We note that a pure m = 4 perturbation also gives rise to a similar structure. However, without the stretching effect from m = 2 the instability's time scale is much longer as the necks are shorter. Significant additional resources will be required to reach the second generation of bulges in this case; however, there is no reason to expect that the end point should be any different. The m = 1 and higher m modes are also unstable and their study will be presented elsewhere [18] .
Conclusions.-We have studied the nonlinear dynamics of thin and fat black rings under nonaxisymmetric perturbations. For rings with ν 0.2 the end point of the instabilities is a MP black hole with a lower angular momentum than the original ring. On the other hand, the GL instability dominates the evolution of thin enough (ν 0.15) rings, and the end point should be the pinch-off of the ring. This indicates that WCC is violated around these black ring spacetimes. Note that for these rings the dimensionless angular momentum [12] is not particularly large, j ∼ 1.12. Therefore, our results suggest that violations of WCC can occur for asymptotically flat black holes with j of order 1. Even though we have only considered the D = 5 case, this conclusion should extend to higher dimensions.
We have also identified a new, elastic-type of instability in five-dimensional black rings. This had not been anticipated and was not seen in Refs. [15, 16] . However, it plays a crucial role in the end point of generic nonaxisymmetric instabilities as it dominates for rings with ν 0.2. It would be very interesting to do a more thorough analysis of the nonaxisymmetric gravitational perturbations of black rings and get a detailed understanding of these elastic instabilities.
Finally, we introduced a robust and simple new method, based on localized diffusion, to handle singularities in numerical general relativity. While it is used in conjunction with the moving puncture method in the present work, we anticipate that it has a wider range of applications. We will present a more detailed analysis of this in future work [42] .
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Supplemental Material
Singularity diffusion.-Numerical relativity turns out to be considerably more challenging in non-standard settings such as higher dimensions and/or at ultra relativistic speeds. In high-energy collisions in 4D, some lowering of the Courant factor was necessary to improve the numerical stability [32] . In higher dimensions, gauge parameters had to be finely tuned [33, 34] or excision had to be used in conjunction with the standard puncture method [23] . An additional challenge in simulating black rings are the very steep gradients close to the singularity. These gradients arise because the metric is very far from being conformally flat and the coordinate singularity cannot be fully absorbed into the conformal factor χ. For rings this is particularly problematic because the singularity is extended, in contrast with spherical black holes for which the singularity is point like. In this section we outline how diffusion terms can be used to solve these problems in a very stable and simple way.
We found that the only problematic quantity is the conformal metricγ i j as it appears in the equations of motion with 2 nd derivatives. While steep gradients arise in the extrinsic curvature and evolved conformal connection functions, they never caused problems in our simulations. Inspired by artificial viscosity terms [29, 35, 36] in computational fluid dynamics, we therefore add a term of the form
to the evolution equation ofγ i j , where c L is a dimensionless parameter, ∆x is the grid spacing and g(χ, |∂γ i j |) is a sensing function which ensures that the diffusion term is only added sufficiently inside the horizon and only when the gradients iñ γ i j become large. Note that we enforce the diffusion term to be trace-free so thatγ = 1 remains satisfied. A diffusion term of the form (S1) mostly affects small wavelength features. In particular, the timescale over which a mode of wavelength λ is diffused is approximately proportional to (λ /∆x) 2 . Note that, due to the inclusion of ∆x 2 in (S1), this timescale automatically adapts when the grid resolution is changed. With correctly calibrated c L and sensing function g, it is therefore possible to only diffuse modes that could not be resolved. Another advantage of the inclusion of ∆x 2 is that the diffusion term does not impose a stricter Courant condition than required in standard numerical relativity.
In our simulations we chose 0.05 < c L < 0.2 and
where H is the Heaviside step function, D is the number of spacetime dimensions (five in our case) and χ c is a critical value which we chose between 0.015 and 0.03. This cut-off for χ > χ c is used to ensure that the diffusion stays restricted FIG. S1. Region of non-zero diffusion (pink) shown on top of the apparent horizon for ν = 0.15 with an m = 4 mode, which has become highly non-linear. The diffusion region covers much less than 50% of the horizon's interior, even at the thin necks.
to less than 50% of the apparent horizon. We used this method as it is hard to find apparent horizons reliably during the simulation, especially close to the topology change. However, we calculated the apparent horizons in the post-processing stage at every coarse level step, that is at a rate of between 1 4R and 2 3R , and checked that the diffusion term was indeed restricted to less than 50% of the horizon (see Fig. S1 for an example). Since no information can escape the horizon and we have plenty of points across the apparent horizon, a diffusion term with this configuration does not affect the results. We present specific tests for this in the last section of this document. Apparent horizon for black rings.-In order to study the dynamics of the black hole's geometry, we need to locate the apparent horizon (AH) on each constant-t slice Σ in our numerical solutions. We adopt the usual definition of the AH as the outermost boundaryless surface H in Σ on which outgoing null geodesics have zero expansion [37] . More precisely, let s i be the normal of H in Σ, then the expansion
vanishes identically on H , where γ and K are the induced metric and extrinsic curvature on Σ, respectively. In our setup, H inherits the U(1) symmetry of the numerical solution and can therefore be treated as a 2-surface. If we assume that H can be parametrized by some coordinates (ξ , ζ ), then we can construct a change of coordinates (x, y, z) → (ξ , ζ , λ ) in the neighborhood of H , such that H becomes the zero contour Λ(ξ , ζ ) ), and equation (S3) can now be viewed as an elliptic PDE Θ[Λ](ξ , ζ ) = 0. For surfaces of S 2 (spherical) topology, we follow the usual practice in numerical relativity and use spherical polar coordinates (ξ , ζ , λ ) ≡ (θ , φ , r), see Fig. S2(a) for an example. However, we also successfully adopted this approach for surfaces of S 1 × S 1 (toroidal) topology. To do this, we closely follow the ring coordinates of [11, 12] and set (ξ , ζ , λ ) ≡ (X, ψ,Y ), where
Note that the usually-constant parameter R is now allowed to vary with the angle ψ. This modification is necessary to cope with the highly stretched geometry of the thin rings, where the singularity is far from being a perfect circle in our working Cartesian coordinates. For each solution, we construct a suitable R(ψ) by following small-valued contours of the conformal factor χ. We discretize the resulting elliptic PDE using fourth-order finite differences and solve it using Newton line search method with automatic step size control as implemented in the PETSc library [38, 39] . In order to interpolate geometric quantities from our AMR mesh onto H , we implemented both fourth-order Lagrange polynomial and quintic convolution [40] interpolators. In theory, the latter has the advantage of producing an interpolant which is C 3 everywhere, at the expense of one lower convergence order in the second derivative. However, in practice, we found no significant differences between these two methods.
Our horizon finder is subject to the restriction that the set of points on the surface H must form a star-domain when projected onto the (ξ , ζ ) plane. This is adequate for most of our results apart from later stages in the evolution of our two thinnest rings. The breakdown of the star-domain condition comes from two main sources: frame dragging and forming of large bulges. The first of these can be mitigated within our current approach by applying a 'twisting' transformation in the opposite direction before applying (S4). The latter case will require a different, more flexible parametrization of H . We leave the implementation of such a horizon finder for future work. However, we note that in this regime H seems to largely follow two contours of χ: the thin necks roughly follow the χ ∼ 0.2 contour, whilst the bulges roughly follow the χ ∼ 0.4 contour. We therefore present the χ = 0.2 contour as an indication of the qualitative appearance of H in lieu of a more flexible horizon finder. See Fig. S2 (c) and (d) .
Extraction of frequency and growth rate.-Since numerical relativity is an inherently non-linear tool, finding good estimates for frequency and growth rate of the black ring in- stability in the linear regime is tricky, especially when there is competition between GL and elastic mode. In particular, extracting a long linear signal requires lowering the amplitude of the initial perturbation (1). However, due to grid noise one can only get meaningful results for A > 10 −6 . To obtain frequency and growth rate as well as the associated errors given a gravitational wave signal, we use the following procedure: we first fit the entire wave signal of the linear regime to (6) to obtain a rough estimate for the parameters. This estimate is then used to rescale the wave signal and fitting function (6) such that the amplitude of the signal stays roughly constant. The effect of this is that subsequent leastsquares fits will not minimize the absolute errors but the errors measured as fraction of the amplitude at the time. We found that this greatly improves the accuracy of the extracted parameters when applied to fabricated data with Gaussian noise.
Finally, we fit the rescaled data in a window of length roughly 10 units of computational time as the window slides across the whole signal. Fig. 1 (bottom) shows the mean of the results; error bars are given by the standard deviation. This last step allows us to quantify not only the uncertainty of the fit but also the uncertainty due to the fact that our results are not obtained from a linear but a non-linear simulation, with contamination from constraint violating modes towards the beginning and non-linearities towards the end. The resulting uncertainty in the frequency is much lower than the uncer- tainty in the growth rate. The reason for this is that while (6) fixes the frequency exactly, there is a slight degeneracy between the growth rates and the initial amplitudes when performing the fit. The latter are unknown to us since we do not know how the amplitude of the constraint-violating initial perturbation translates into initial amplitudes of the GL and the elastic mode. Numerical tests.-Here we present several numerical test to demonstrate the correctness of our results. First, we present convergence tests for representative samples of the wave and horizon data presented in Fig. 1 and Fig. 2 . Fig. S3 (top) shows the wave data for ν = 0.2 and ν = 0.3 for three different resolutions. Since the case ν = 0.2 is very computationally expensive, the resolution is slightly lower than for ν = 0.3 and we restrict the convergence test to the relevant regime before collapse to a spherical black hole. The results clearly converge. Furthermore, the errors in frequency and growth rate due to the finite resolution are much smaller than the errors due to the fit. Fig. S3 (bottom) shows the minimum and maximum S 1 and S 2 radius for ν = 0.3 for three different resolutions. Again, the results clearly show convergence. All the runs presented in the paper have resolution at least as high as the medium resolution runs in Fig. S3 , both in terms of number of points covering the horizon and resolution in the wave zone.
Let us now turn to tests of the singularity diffusion inside the horizon. First we note that the convergence tests above are also strong indicators that the diffusion term does not affect the physical results. The reasons for this are twofold: firstly, as the resolution is increased the number of points between the apparent horizon and the region where diffusion is applied increases. Secondly, the diffusion term (S1) is scaled with ∆x 2 and therefore vanishes in the continuum limit. As a final test we change the size of the diffusion region by varying the cut-off χ c and monitor changes in the wave signal. We expect the wave signal to converge as χ c is reduced. Table I shows the results for frequency and growth rate of the initial stage of the instability and the final ring-down after the ring has collapsed to a spherical black hole. The results clearly show convergence and indicate that for the values of χ c used for this paper (0.015 < χ c < 0.03) the effect of the diffusion term is negligible. Finally we remark that for those simulations which end up in collapse into a spherical black hole, once the system has settled, we can compute the area of the apparent horizon and the circumference on the rotation plane of the final black hole. This allows us to estimate the mass and angular momentum of the resulting MP black hole. Extracting the quasinormal modes from the wave signal we can compare with existing results in the literature [41] , and we find good agreement.
